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1 Introduction

One way of calculating the entropy of a black hole in higher derivative gravity is through
the Wald formula [1]. Recently, it has been proposed by A. Sen that the Wald formula for
a specific class of extremal black holes in higher derivative gravity can be written in terms
of the entropy function [2]. The entropy function for the extremal black holes that their
near horizon is AdSy x SP~2 is defined by integrating the Lagrangian density over SP—2
for a general AdS, x SP~2 background characterized by the sizes of AdSy and SP~2, and
taking the Legendre transform of the resulting function with respect to the parameters
labeling the electric fields. The result is a function of moduli scalar fields as well as the
sizes of AdSy and SP~2. The values of the moduli fields and the sizes at near horizon are
determined by extremizing the entropy function with respect to these fields. The entropy
is then given by the value of the entropy function at its extremum!. Using this method
the near horizon solution and the entropy of some extremal black holes in the presence of
higher derivative terms have been found in [2, 4, 5].

The horizon in the extremal black hole that its near horizon solution has symmetry
of AdSy x SP~? is an attractor, i.e., the physical distance between an arbitrary point and
the horizon is infinite [6]. In this case, the values of scalar fields at the near horizon are
independent of the values of these fields at infinity. Hence, one expects the near horizon
values of these fields to be given by some algebraic equations, i.e., the equations that one

In above discussion, it has been assumed that in the presence of higher derivative terms the near horizon
geometry has the symmetry of AdSs x SP~2. In the cases that the higher derivative corrections change this
symmetry, the near horizon solution can not be found by extremizing the entropy function and the Wald
formula can not be written in terms of the entropy function. In those cases one should solve the differential
equations of motion to find the near horizon solution and then use the free energy method [3] or the Wald
formula [1] to calculate the entropy.



finds by extremizing the entropy function [2]. We will show in this paper that in some non-
extremal (near extremal) cases, even though the throat is not infinite, the near horizon
values of the scalar fields are independent of the values of these fields at infinity, i.e., they
are given by some algebraic equations.

It has been shown in [7] that the entropy function has a saddle point at the near horizon
of extremal black holes. This may indicates that the entropy function formalism should
not be specific to the extremal black holes. In fact, it has been shown in [7-9] that the
entropy function formalism works for non-extremal black hole/branes at the supergravity
level. However, the higher derivative terms in many cases change the symmetry of the
tree level solutions, so one can not find the near horizon solution in these cases using the
entropy function formalism, as in the extremal cases.

In this paper we would like to show that the higher derivative correction to the near
horizon solution of the non-extremal (near extremal) D1D5P can be calculated using
the entropy function formalism and the Wald formula can be written in terms of the
entropy function. We do this by explicitly solving the differential equations of motion
and comparing the result with the near horizon solution that one finds using the entropy
function formalism. Moreover, we will show that the entropy that one finds from the free
energy method is the same as the entropy that one finds by equating the Wald formula
with the entropy function, as in the extremal cases.

An outline of the paper is as follows. In section 2, we review the construction of near
horizon solution of non-extremal D1D5P. In sections 3, we add the higher derivative R*
terms to the supergravity. We find the higher derivative correction to the near horizon
solution by explicitly solving the differential equations of motion in section 3.1. In section
3.2, we find the same near horizon solution using the entropy function formalism. In section
4, we study the entropy of D1D5P system. In section 4.1, we calculate the entropy using
the free energy method, and in section 4.2, we calculate the entropy by equating the Wald
formula with the entropy function at its extremum. The results in both cases are the same.

2 Review of non-extremal D1D5P solution

In this section we review the non-extremal D1D5P solution of the effective action of type
II string theory. The two-derivatives effective action in the string frame is given by

1 10 —2¢ 2 1.5 1 1
- V= A08)? — —HZ | == S ZF2 4. b (21
S Tiem /d T 9{6 R+ 4(09) 15 QZn! (n) T , (2.1)

where ¢ is the dilaton, H s is NS-NS 3-form field strength, and F{,) is the electric R-R
n-form field strength where n = 1,3,5 for IIB and n = 2,4 for type IIA theory. In above

equation, dots represent Fermionic terms in which we are not interested. The effective
action includes a Chern-Simons term which is zero for the D1D5P solution. Moreover, for
this solution F{,) = dC(,_1). The 5-form field strength tensor is self-dual, hence, it is not
described by the above simple action. It is sufficient to adopt the above action for deriving
the equations of motion, and impose the self-duality by hand.

The non-extremal D1D5P solution of the IIB effective action when D1-branes are
along the compact (2) direction (S!), D5-branes are along the compact (z, 1,72, 3,24)



directions (S! x T%), the KK momentum P = N/R is along the (z) direction, and the
non-compact directions are (r,6, ¢,1), is given by the following, (see e.g. [10]):

ds%o = (f1f5)_% ( —dt® +d2* + K (cosh a,dt — sinh amdz)2>

375 - 2 1 dr? 2 102
I T z;d% +(fAfs) | g s )
e = frfs,
1 1
C}, = coth oy (f_ — 1) +tanhag , Cizgyony = cothas (f_ — 1) + tanh as ,
1 5

where we have set the string coupling at infinity to be g; = 1. In above,

2 2 12 2 5102
r r4; sinh” oy r4; sinh” a
K(r) = TZI , fir) =14 — 5 B =1+ A o (2.2)
The three conserved charges are
Vr2 sinh(2aq) 72 sinh(2as) R2Vr? sinh(2ayy,)
Q=—"—", Q="—"—"> N-= (2.3)
2 2 2
The near horizon solution can be found by taking the following limit:
r? < rsinh? a5, (2.4)

In this limit a;; and a5 are very large so sinh 1,5 & cosh aq,5. In terms of the new coordinate
p? =12+ r%sinh? a,, (2.5)

the near horizon solution is

gt = PP =) N2p? i (2.6)
A2p? (0 = p3)(p* = p2)
P pir- .\’ .
+32 <dz — 76175) + A2d03 + - Z da?
i=1
2
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€ ¢ = <E> ) F1tpz = T’_%’ F1tpza:y--a:4 = E : (27)
where

7‘%75 = r%{ sinh? oy 5 | p+ =rgcoshay, , p— = rysinha,,, A =rirs. (2.8)

The above metric is a direct product of S x T* and the BTZ black hole [11] upon rescaling
the coordinates. The horizon p = p; in above solution is not attractor. The physical
distance between an arbitrary point and horizon is

Apdp A (730 R = = )
= —In

p
/”+ \/(PQ—pi)(pQ—pZL) 2 503 —p?) ’




which is finite. For the extremal case which corresponds to p = p_, the distance is infinite.
For the near extremal case in which we are interested, however, the distance can be made
as large as we want by sending p, — p_. So one expects the asymptotic region to be
decoupled from the near horizon region.

The higher derivative corrections to the supergravity action (2.1) may modifies the
near horizon solution (2.6). In general, they have field redefinition freedom [12, 13], so one
may choose different scheme for the higher derivative terms. It has been argued in [14]
that the scheme in which the corrections are written in terms of the 6-dimensional Weyl
tensor, the near horizon solution (2.6) is not modified so it may be the reason behind the
equality of the supergravity entropy and the entropy from counting the degrees of freedom
for the non-extremal case [15]. In the scheme that R* corrections are written in terms
of 10-dimensional Weyl tensor, however, the solution (2.6) is modified which may indicate
that the corrections associated with the Ramond-Ramond field have nontrivial contribution
to this solution in 10-dimensions. We will find the R* correction in the next section.

3 R* correction

In this section we are going to consider the string correction a/>R* to the supergravity
action. The correction in the scheme that gravity is written in terms of the 10-dimensional
Weyl tensors is [16]

1

— 10 — tree —2¢ 1
[ xvfz{c e www}, (3.1)

where £ is given in (2.1), v = £¢(3)(¢/)® and W in terms of the Weyl tensor is

1
W = CM kg Cr" P CY, g, + 5Ch’ﬂ”fmq,,qmnch’"spcqrsk : (3.2)

Using the above correction to the supergravity, one can find its effect on the non-extremal
solution (2.6). This can be done by solving the differential equations of motion that we are
going to do in the next section or by using the entropy function formalism that we will do
in section 3.2.

3.1 Correction via solving differential E.O.M.

We are going to work in Euclidean space in this section. In order to find a solution in the
presence of higher derivative terms, one should make an ansatz for the solution and then
find the unknown functions in the ansatz by solving the differential equations of motion.
We consider the following ansatz for the solution:

(0* = p2)(p* = p2) N2p?
ds®> = a(p < + dr? + dp? +
N ALY
P PP ? "\
: - 2 1092 Z 2

2ip a®/?(p)
—2¢ _ _ 4w p
C Tl e =)

21
+ Frpsea, = —g a2 ()b (p),
5



where a(p), b(p) and u(p) are the scalar fields. We have assumed the RR charges are
not modified by the higher derivative correction. With the above ansatz, the Euclidean
action becomes

1 ! " ! " ! " ! "
/d%/dp [ﬁ(a,a,a s uu,u ) Fyw(a,a,a . uu,u )|, (3.4)
167G

J=—

where ¢ and w are

1 ey 1FE
(=g |upR- 5= =52 w=VaupW, (3.5)
and
2 2
/G = i (L ) s A € N U S ) W (3.6)
5 © 3l 37 (p) T r307(p) '

The Euler-Lagrange equation for the scalar field a(p) which follows from the above action
is given by

2 52 2 52
o d ot dm 0l <8w d dw d 8w>, (37)

da dpod AP da’  '\da  dpdd " dp? 9"
and similarly for b(p) and u(p). These differential equations are valid only to first order of
7, so one has to solve them perturbatively. At the zeroth order of 7, the solution is (3.3),

ie,a=0b=1,u=(rs/r1)% At the first order of 7, the solution must be in the following
form:

Ts5

2
a0 =1r0). =Lt ue) = (2) Q). G

Inserting them in the differential equations of motion, one finds the following equations for
the scalars ayp, by, up, respectively:
2 2y 2 2 Ly w2 4 29 2 2 2 2
pp™ = p)(p” = p2) | Zap” 0" + Zup” | 4 (307 = p7py — p7pZ — pTp”
1 2 3 9 —3/2 4—3/2
<§ap/ +by' + ?up/> - (;Ps(ap + 7bp + 2up)> = _2_8P3Q1 / Qs / ,
(p(p2 — 1) (p* - p2_)> (a,,” +3b," + up”> + <3p4 — 0’07 = p*p> — piﬁ)
61 2 27 o —a/o 3/
(ap/ +3b," + up,> - (303(% - ﬁbp - ?up)> = %P3Q1 / Qs / )
2
(p(p2 -3 (p* - p2)> (;ap” + bp"> + (3/)4 — i — PPt — piﬁ)
2 6 9 . _
<?ap/ + bp/) + <?p3(_ap + bp)> - ﬁpsQl 3/2 53/2 . (3.9)

The above differential equations should give correction to the near horizon geometry (3.3).
Similar equations have been found in [14] for the correction to the non-extremal D3-branes



and in [17] for the non-extremal M2-branes. In those cases, using the boundary condition
at the horizon, one finds that the solution is a power law solution. However, the above
equations have only constant solutions with the following values:

() 51
a _
p 7327‘%7“%’ ’
27
b =
() 327"3

u(p) = (%’)2 (1 —l—'y%ig) . (3.10)

This indicates that the near horizon geometry in the presence of the higher derivative terms
is a direct product of $% x 7% and the BTZ black hole, as in the tree level. In [9], it has been
shown that the tree level solution (3.3) is consistent with the entropy function formalism.
The above result indicates that this consistency should be valid even in the presence of the
higher derivative terms. Hence, the correction to the non-extremal solution (3.3) should
be also found by using the entropy function formalism that we are going to do in the next
section. We note however that there are many cases that the entropy function formalism
works only at the tree level, e.g., non-extremal D3, M2, M5 solutions [7].

3.2 Correction via entropy function formalism

We are going to work in Minkowski space in this section. In order to find solution in
the entropy function formalism, one should consider a general background with the same
symmetry as the symmetry of the tree level solution, i.e.,

(0® = p2)(p* = p2) N p?
ds® = m(— ;2 5 At + ———~ 5~ dp’ (3.11)
p (p* = p3)(p* —p2)
p? per— )\
+(dz — _dt> > + o [ A2dQ32 + <—> dz? | |
N2 ( p2 2 3 s ; 7
3/2
_ 2p v} 2
€ 2¢ = Us Ftpz = /2) 7/2 =€1, Ftpzx1~~~x4 = _/2)0:1))/2@;/2 = €2,
v 5

where the scalars vy, v9, us are constant. The algebraic equations from which these con-
stant parameters can be found are given by extremizing the entropy function. The en-
tropy function, on the other hand, is defined by taking the Legendre transform of function
f(v1,v2,us,e1,e2,p) = [ drg\/—gL with respect to the electric fields ey, ez, and dividing
the result by p. That is

1 0 0
F(vl,vg,us) = ; < a—j;—F 26—6]; — ) . (312)

Using the Lagrangian in (3.1), one finds the following entropy function:

3/2
ViVsVy i 12 52 207 3/2 1/2
T67Co <6us gvl vy “(vg —v1) + 7/2 + 20

7} 3/2 7/2 105v5 — 60v3vy + 542}11)2 — 60v1v3 + 10507
T . (3.13)

rg 32r{rsvivy

F(’Ul, V2, us) -

—YUs—



Considering the following perturbative solution:

2
”
v=1+yz, va=1+1y, us=<r—5> (1472), (3.14)
1
one finds the following equations
oF 9
=0 6(x—y)=——
9, B T,
oF
— =0 28y +4x + 8z =
ovy - Ytz (rir5)3
oF 27
— =0 — 244 84x — 24z = — . 3.15
. — y + 84x 2 el (3.15)

The solution to these consistent equations is

51 27 5\ 2 33
N [y — =1—-~r— = — 1 e 3.16
vl 732(7“17“5)3 ’ 2 732(7“17“5)3 ’ s <7°1> ( +78(7“17“5)3> ’ ( )

which is exactly the same as the solution in (3.10). Therefore, even though this system is
non-extremal, the entropy function formalism and the differential equations of motion yield
the same result for the near horizon background in the presence of the higher derivative
terms. We now turn to the calculation of the entropy of this system.

4 Entropy of nonextremal D1D5P system

In the presence of higher derivative terms, the entropy can be calculated either from the
free energy or from the Wald formula. For the systems that the entropy function formalism
can be used to find the near horizon solution, e.g., the non-extremal D1D5P solution, the
Wald formula can be written in terms of the entropy function which is an efficient way to
calculate the entropy in the presence of higher derivative terms. In the next section we
calculate the entropy using the free energy method [3], and in the section 4.2 we calculate
the entropy from the Wald formula.

4.1 Entropy from free energy

Following [3], one can identify the free energy of the theory with the Euclidean gravitational
action, I, times the temperature, 7T, i.e.

I=8F, (4.1)

where § = % The calculation of the Euclidean action is divergent at large distances,
Pmax, and requires a subtraction. The integral must be regulated by subtracting off its
zero entropy limit, i.e.

: (4.2)

where I is the zero entropy limit in which the periodicity of the Euclidean time is defined
by Bo. One must adjust Gy so that the geometry at p = pmax is the same in the two



cases, i.e. the black hole and its zero entropy limit. This can be done by equating the

circumference of the Fuclidean time in two cases. Having F, the entropy in terms of the
: : _ _oF

free energy is then given by S = —&5.

Let us start from the black hole action which will be noted by Ipy

1
BH 167TG10/ r/g L, (4.3)

where £ is given in (3.1). Inserting the solution (3.3) in which a(p), b(p), u(p) are given
in (3.10), one finds

1 B max 9
Ipn = / dT/dz/ng/dxl...dx4/ (1—w—33+0(72)>pdp
7G1o Jo P+ 8riT;
— —— ——
\%1 Vs Vi
1 9
= ViVaVaB (1= y=——= + 0(v?) ) (PPrax — P2 4.4

87TG10 1V3 4ﬁ< 787"%7"? + (fy )> (pmax p—i—)a ( )

where ppax is a cutoff at large distances. The above expression is divergent at large
distances and must be regulated by subtracting off its zero entropy limit, Iagqs. It is
given by

1 BO Pmax 9
Tpgs = = dr [ dz [ dQs [ day...d 1—v——+0"H ) pd
AdS 47TG10/0 T/ z/ 3/ 1 m/o ( fy8r§’r§+ (v )>p 0,
1

9
— st ViV (175 + 00 ) (). (45)

8ryrs

The relation between Gy and ( is

2 2
o= 3 \/ (p? mf)}in pZ)

(03 +p2)>7 (46)

w1
= pra 202 0

which comes from the fact that the geometry of the hypersurface p = pmax must be the

same for both cases [3].
Taking the limit pp.x — oo of the subtraction of I and Iagg, one finds the free
energy in terms of rg to be

. Igy — Iaas 1
f = 1 = —
Pmalxrr_l’oo ( ﬁ 167TG10

To write it in terms of temperature, one calculates the surface gravity by KK reduction to

9
WAVs (1 VL o<fﬂ>> 2. @)
8r1r5

9-dimension (see e.g., [18]) which has diagonal metric, i.e.,

d
k=21T = VGPP—/Grr , (4.8)
dp Horizon
where
97z PP — PP
GTT =9G9rr — — G g (4 9)



One finds the temperature to be

(0h —p) _ 1
2\2p, 27ryy cosh(aq ) cosh(as) cosh(ayy,)

Using the fact that the number of D1 and D5 branes, N1, N5, and the boost parameter o,
are independent of temperature, one finds the following linear relation between temperature
and rg:

VvV

T - 410
2704/ N1 N5 cosh ap, H (4.10)
where we have used
\% 2 2
| = 2;6{1’ sinh(201), Nj = ;—g sinh(2as), (4.11)
and the fact that in the near horizon region sinh(a; 5) ~ cosh(ay 5). The entropy S = —g—gf
becomes
1 9 21¢4\/N1N5ry cosh o
S = ViVsVi (1= y=—5= +O0(* : o 4.12
87TG10 1V3 4( 787’%7’% + (7 )) \/v ( )

It is convenient to write the entropy in terms of the left and right KK momenta, N;, and

Npg which are defined as
VR2 2
Npp= 4;8TH exp(£2am) , (4.13)

Using above relations, one finds the entropy to be

S = 21y/NiNs(v/NL, + /Np) <1 - nyng’ + 0(%)) . (4.14)

where we have also used the relevant formulas for the volume of the circle, 3-sphere and
the volume of 4-torus as well as the the 10-dimensional Newton constant, i.e.,

Vi = 27R,, Vs = 272, Vi= (2n)*V, Gy = 87508, (4.15)

The first term in (4.14) is the supergravity result (see e.g., [18]) and the second term is
the higher derivative correction. In the next section we calculate the entropy using the
entropy function formalism.

4.2 Entropy from entropy function
Entropy in a higher derivative theory can also be calculated from the Wald formula [1]

oL

SBH = 47T/ dUCH\/—gHaR
H LVAP

Gy (4.16)

where L is the Lagrangian density and giy denotes the metric projection onto subspace
orthogonal to the horizon. It has been shown in [2] that for extremal black holes that the



near horizon geometry can be calculated using the entropy function formalism, the Wald
formula is proportional to the entropy function. We have seen that the correction to the
non-extremal solution (3.3) can also be calculated using the entropy function formalism.
Hence, one expects that the Wald formula in this case also is proportional to the entropy
function. The constant of the proportionality can be fixed by comparing it with the entropy
at the supergravity level. That is

7T€§\/N1N5p+
SBH = =
VvV

where F' is the entropy function. One can easily check that the above entropy is the same

F, (4.17)

as the tree level entropy (4.14) after inserting the tree level entropy function (3.13) into
it. The above formula can also be found directly from the Wald formula [5, 8, 9].

Now, inserting the solution (3.16) into the entropy function (3.13), one finds the entropy
function at its extremum to be

9
V1V3V4 (1 — 7533 + 0(72)> (4.18)
8rirs

N 8 G10
After inserting this into (4.17) and using (4.13) and (4.15), one finds exactly the entropy
in (4.14). This confirms that the Wald formula (4.16) for the non-extremal D1D5P solution
in the presence of higher derivative terms is proportional to the entropy function. For
extremal case, i.e., Ngp = 0, the entropy has been found in [5], however, the correction is
different from the one in (4.14). This is related to the fact that the scheme for the higher
derivative terms in [5] is different from the scheme that we have chosen in (3.2). When
there is no KK momentum, i.e., Ng = Ny, the entropy (4.14) is the same as the entropy
that has been found in [8].

We have done the same calculation for the non-extremal D2D6NS5P solution and
found that the correction to the tree level solution can be calculated either by solving the
differential equations of motion or by using the entropy function formalism. In this case
also the Wald formula is proportional to the entropy function and it is equal to the entropy
that one finds using the free energy method.

The reason that the entropy function formalism works for the non-extremal (near
extremal) D1D5P and D2D6N S5P cases may be related to the fact that the near horizon
geometry of these solutions have a throat. Even though the physical length of the throat is
finite for non-extremal cases, the throat can be made as long as we want for near extremal
cases. Hence, the scalar fields at the horizon are independent of the values of these fields
at infinity. The tree level solutions of non-extremal (near extremal) D3, My and M5
at the near horizon also have throat geometries, however, the modified solutions in the
presence of the higher derivative correction have no longer the throat. That is why the
entropy function formalism works for these systems only at tree level. For non-extremal
D1D5P and D2D6NS5P cases, however, the higher derivative corrections keep the tree
level throat. Hence, the entropy function formalism works even in the presence of the
higher derivative terms.

In fact the entropy function formalism for extremal cases [2] works in above sense. That
is, the original Wald formula for black hole entropy holds for non-extremal black holes, and

,10,



in applying this result to extremal case one must define the entropy of an extremal black

hole to be the limit of the entropy of the associated non-extremal black hole in which

the non-extremal parameter goes to zero. For example, the entropy of extremal D1D5P

is given by the entropy of non-extremal D1D5P (4.14) in which Ng — 0. Hence, one

may expect the entropy function formalism works for any near extremal solution which

has throat at the near horizon region, and entropy to leading order of the non-extremal

parameter can be found using the entropy function formalism.
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